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Abstract – We study the Josephson effect in spin-singlet superconductor/helical p-wave supercon-
ductor junctions with a ferromagnetic barrier using the quasiclassical Green function method. It is
found that both sinφ-type and cos φ-type current-phase relations always exist, irrespective of the
gap symmetries in superconductors. The indispensable condition for the sinφ-type and cos φ-type
current is that the magnetization must have a component parallel to the crystallographic a or b axis,
which is distinct from the case of p-wave superconductor described by a d-vector with a uniform
direction. The relation between the condition and the symmetries of the gap functions is analysed.
We investigate in detail the symmetries and the sign reversal of the Josephson current when the
magnetization is rotated.
Introduction. – Since the discovery of the spin-triplet superconducting materials such
as Sr2RuO4 [1–3], the Josephson effect in spin-singlet superconductor (SS)/spin-triplet su-
perconductor (TS) and TS/TS junctions has been subjected to continuously growing inter-
ests [4–12]. Generally, the Josephson current can be expressed as the composition of the
harmonics sinnφ and cosnφ, in which the number n denotes the nth order contribution. In
contrast to the Josephson junctions with the identical order parameter on the both sides
[13], SS/TS junctions do not permit the presence of the lowest order current (LOC) due to
the orthogonality of the Cooper pair wave functions [14–16]; the second-order term with the
form of sin 2φ dominates the charge current-phase relation (CCPR). However, the situation
will be changed when the interface is magnetically active. For example, the interface which
is a ferromagnetic insulator (FI) or of spin-orbit coupling (SOC) can lead to the Joseph-
son current in SS/TS junctions proportional to cosφ when TS is in the chiral p-wave state
[16, 17]. Moreover, it is found the reversal of the direction of the magnetization in FI will
reverse the sign of the current. With the tunneling Hamiltonian perturbation theory, the
authors in [18] examine SS/FI/TS junctions in which the d-vector with a uniform direc-
tion characterizes the p-wave states. The selection rules which permit LOC in the CCPRs
and in the spin current-phase relations (SCPRs) are summarised. One of them is that the
magnetization in FI must have a component parallel to the d-vector of TS.
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As the aforementioned p-wave states, the helical ones, kxxˆ ± ky yˆ and kyxˆ ± kxyˆ, are
also the candidate states for the spin-triplet superconducting material Sr2RuO4 [2, 3, 19].
Among others, kxxˆ + ky yˆ is the two-dimensional analog of the BW state (B phase) in
3He
[2, 3]; kxyˆ − kyxˆ is the favorable pairing state for the triplet part of the order parameter in
the noncentrosymmetric superconductor CePt3Si [20, 21] which has been investigated from
the topological viewpoint [22, 23] and the aspect of spin current [24, 25]. One important
difference between the aforementioned states and the helical ones is that the direction of
d-vector for the latter is not uniform and is pinned in ab plane. The interplay of the
helical superconductivity and ferromagnetism can bring novel transport properties. The
charge conductance in ferromagnet/helical p-wave TS junctions have been clarified in [26],
which show strong anisotropic dependences and particular symmetries when one rotates
the magnetization. The transport properties are very different from those in the junctions
characterised by a d-vector with a uniform direction [27,28]. Thus, a novel Josephson effect
is expected in SS/FI/helical p-wave TS junctions. What the selection rule for LOC is and
how the current depends on the magnetization in FI are questions to be answered.
Motivated by these questions, we study in this paper the Josephson effect in SS/FI/helical
p-wave TS junctions using the quasiclassical Green function method with the Riccati param-
eterization [29, 30]. Both s-wave and d-wave gap symmetries in SS are taken into account.
We find the current possesses both sign reversal and symmetries when the magnetzation
in FI is rotated; the condition that permits the LOC is the presence of the magnetization
component parallel to a or b-axis of the lattice in Sr2RuO4.
Formalism. – We consider the two-dimensional SS/FI/TS junctions which are as-
sumed in clean limit as shown in fig. 1. The d-vector in TS is taken as the following forms
d(k) = ∆0(kx,±ky, 0) (HP1± − wave),
d(k) = ∆0(ky,±kx, 0) (HP2± − wave).
(1)
The interface barrier, located at x = 0 and along the y axis, is modeled by a delta function
U(x) = (U0 + M .σˆ)δ(x) with the non-magnetic potential U0 and the ferromagnetic term
M · σˆ. The magnetization M = M(sin θm cosφm, sin θm sinφm, cos θm) with θm the polar
angle and φm the azimuthal angle.
We first give the structure of the scattering matrix Sˇ for the junctions in the normal
state. The matrix is diagonal in the particle-hole space, i.e. Sˇ = diag(Sˆ, ˆ˜S) with
Sˆ =
(
S11 S12
S21 S22
)
,
ˆ˜
S =
(
S˜11 S˜12
S˜21 S˜22
)
. (2)
The 2×2 matrices S11(S22) and S21(S12) in spin space represent the electron reflection in the
left (right) metal and the electron transition from the left (right) metal to the right (left) one,
respectively. The hole reflection and transition are represented by the matrices S˜11(S˜22) and
S˜21(S˜12). For the FI interface, we have S22 = S11, S12 = S21 = 1ˆ+S11, S˜11 = S˜22 = S
∗
11 and
S˜12 = S˜21 = S
∗
12. The matrices can be expressed with the x component of the wavevector
of the incident electrons, the effective magnetization magnitude X = Mm
h¯2kF
and the effective
non-magnetic potential Z = Um
h¯2kF
.
The retard Green’s function gˆ in superconductors, which satisfies the Eilenberger equa-
tion [31], can be written as
gˆ = −2pii
(
g f
−f˜ −g˜
)
+ ipiτˆ3, (3)
which is a 4 × 4 matrix in spin ⊗ particle-hole space. The quantities g, f, g˜ and f˜ can be
parameterized as [30]
g = (1 − γγ˜)−1, f = (1 − γγ˜)−1γ, g˜ = (1− γ˜γ)−1, f˜ = (1− γ˜γ)−1γ˜, (4)
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with the 2 × 2 coherence functions matrices γ and γ˜. The equations for γ and γ˜ are given
by
(ih¯vF · ∇+ 2iwn)γ = γ∆˜γ −∆,
(ih¯vF · ∇ − 2iwn)γ˜ = γ˜∆γ˜ − ∆˜,
(5)
where vF is the Fermi velocity, the Matsubara frenquency wn = 2pikBT (n+
1
2 ) and ∆˜(k) =
[∆(−k)]∗. For our model, the energy gap matrix in SS is ∆(k) = ∆0iσˆye
iφ for s-wave sym-
metry and ∆(k) = ∆0(k
2
x−k
2
y)iσˆye
iφ (or ∆0kxkyiσˆye
iφ) for dx2−y2 (or dxy)-wave symmetry,
respectively. The gap matrix in TS is ∆(k) = (d(k) · σˆ)iσˆy. The temperature dependence of
the gap magnitude ∆0 is determined by the BCS-type equation with transition temperature
TC . φ gives the difference of the external phases of SS and TS when the phase in TS is
taken as zero.
Ignoring the proximity effect, the incoming coherence functions γ1(2) and γ˜1(2) for SS
(TS), bulk solutions in equilibrium, can be obtained through solving the eq. (5). The
outgoing coherence function Γ˜1 in SS can be given by the boundary condition [30]
Γ˜1 = γ˜11 + γ˜12(1− γ2γ˜22)
−1γ2γ˜21, (6)
with γ˜α,β =
2∑
ν=1
S˜α,ν γ˜νSν,β , (α, β = 1, 2). The retard Green’s function gˆ in SS is obtained
by substituting γ(γ˜) with γ1(Γ˜1) in eq. (3) and (4).
The Josephson current density can be found from
J = −eN(0)kBT
∑
wn
〈vFxj(wn, θ)〉FS+ ,
JS =
h¯
2
N(0)kBT
∑
wn
〈vFxjS(wn, θ)〉FS+
(7)
where j(wn, θ) ≡ Tr[τˆ3gˆ], jS(wn, θ) ≡ Tr[diag(σ3,−σ3)gˆ], N(0) is the density of states at
the Fermi level in the normal state and the Fermi surface average is only over positive
directions. The dimensionless charge (spin) current denoted by IJ (IS) can be expressed as
IJ =
eIRN
kBTC
(IS =
e2ISRN
h¯kBTC
), where I(S) = J(S)A is the current for junctions with interface
area A and RN is the resistance for junctions in the normal state.
Results and discussions. – First, we present the results for the junctions without
the non-magnetic potential, i.e., Z = 0. In this case, we have the general consequences of
the charge current which are
IJ (θm, φm, φ) = IJ (pi − θm, φm, φ), (8)
IJ (θm, φm, φ) = IJ (θm, pi + φm, pi + φ), (9)
IJ(θm, φm, φ) = −IJ (pi − θm, pi + φm, 2pi − φ). (10)
Eq. (8) shows the symmetry of the current on the reflection of the magnetization about
the xy-plane; eq. (9) implies a symmetry of the current when M is rotated by 180 degrees
with respect to the z-axis and the phase is simultaneously shifted by pi; eq. (10) means the
reversal of the magnetization in FI will reverse the sign of the current which is also found in
SS/FI/TS junctions with TS described by a d-vector with a uniform direction [17,18]. The
three consequences are common properties of the charge current for SS/FI/TS junctions
with helical p-wave states. The symmetry and sign reversal of the spin current IS will be
discussed later.
Now, we give the numerical results for the s-wave SS/HP1±-wave TS junctions which
possess the same Josephson current. Fig. 2 shows the CCPRs for φm = 0 with various θm
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at T = 0.3TC . When θm = 0, i.e., M ⊥ d, the current is proportional to sin 2φ, a typical
relation for SS/TS junctions. Once θm deviates from 0, the lowest order contribution with
the 2pi-period starts to emerge. As θm tends to 0.5pi, the CCPR is dominated by cosφ. Since
the spin current is zero for φm = 0, we do not show the SCPRs in fig. 2. Plotted in fig. 3(a)
and (b) are the CCPRs and the SCPRs, respectively, for φm = 0.5pi. Different from the case
of φm = 0, the CCPRs for all θm show themselves as sin 2φ line shapes which indicate the
absence of LOC when the magnetization is in the yz-plane with no x-component. The spin
current in this situation is dominated by the harmonic sinφ when θm 6= 0.
Fig. 4 shows the CCPRs and the SCPRs for θm = 0.5pi, i.e. M in the xy-plane, with
various φm. The cosφ-type LOC in the charge current will appear once M deviates from
the y-axis. When the magnetization sweeps across the y-axis, the sign of the charge current
will be reversed. Actually, we have the equality
IJ (θm, φm, φ) = −IJ (θm, pi − φm, 2pi − φ), (11)
for any θm. Magnetizations with opposite x component will create charge currents with
opposite directions. We do not plot the CCPRs for pi < φm < 2pi because we also have the
equality
IJ(θm, φm, φ) = IJ(θm, 2pi − φm, φ). (12)
The equalities in eq. (11) and (12) are extra sign reversal and symmetry satisfied by IJ
for the s-wave SS/HP1±-wave TS junctions besides the general consequences presented in
eq. (8)-(10). The spin current IS still keep the sinφ form for θm 6= 0 as shown in fig. 4(b).
From the CCPRs presented in fig. 2-4, we can summarise the condition for the presence
of the cosφ-type LOC in the charge current which is that the magnetization must have the
x-component, i.e. M · xˆ 6= 0. The condition for the presence of the sinφ-type LOC in the
spin current is M · yˆ 6= 0 which can be summarised in a similar way.
For the s-wave SS/HP2±-wave TS junction, the condition for LOC in the charge current
will turn into the indispensable presence of the y component of the magnetization, i.e.
M · yˆ 6= 0. Magnetizations with opposite y component will bring charge currents with
opposite directions,
IJ (θm, φm, φ) = −IJ(θm, 2pi − φm, 2pi − φ), (13)
for any θm. The extra symmetry will become
IJ (θm, φm, φ) = IJ (θm, pi − φm, φ). (14)
The condition for the LOC in the spin current of the junction turns into M · xˆ 6= 0. These
differences between the CCPRs (or SCPRs) for HP1±-wave and those for HP2±-wave are a
result of the pi2 difference between the x(y) component and the y(x) component.
Although the selection rules for the cosφ-type LOC in CCPRs and for the sinφ-type LOC
in SCPRs are obtained from the current of junctions without the non-magnetic potential,
they also apply to the junctions with Z 6= 0. According to the rules, we can divide the
junctions into two groups which are given in table. 1. For Z = 0, the CCPRs of junctions in
the group with the rule M · xˆ 6= 0 obey the sign reversal and symmetry presented in eq. (11)
and (12); the CCPRs of junctions in the other group obey the relations presented in eq. (13)
and (14). In contrast, the Josephson current calculated in [18] is only dependent on the
relative angle of the d-vector and the magnetization. That means the current is independent
of the azimuthal angle of the magnetization when d ‖ zˆ. In order to obtain the cosφ-type
LOC there, two conditions must be satisfied: the magnetization component parallel to the
d-vector and the same parity of the gaps with respect to the interface momentum. As a
result, the emergence of the cosφ(sinφ)-type LOC in the charge (spin) current is restricted
to the junctions with s or dx2−y2 (dxy) symmetry in SS and px or px + ipy (py) symmetry
in TS.
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Table 1: The selection rules for sinφ-type and cosφ-type LOC in SS/FI/Helica p-wave TS junctions.
Current SS TS cosφ sinφ
IJ
s, dx2−y2 kxxˆ± ky yˆ
M · xˆ 6= 0 Z 6= 0,M · yˆ 6= 0 and M · zˆ 6= 0
dxy kyxˆ± kxyˆ
s, dx2−y2 kyxˆ± kxyˆ
M · yˆ 6= 0 Z 6= 0,M · xˆ 6= 0 and M · zˆ 6= 0
dxy kxxˆ± ky yˆ
Current SS TS sinφ cosφ
IS
s, dx2−y2 kxxˆ± ky yˆ
M · yˆ 6= 0 Z 6= 0,M · xˆ 6= 0 and M · zˆ 6= 0
dxy kyxˆ± kxyˆ
s, dx2−y2 kyxˆ± kxyˆ
M · xˆ 6= 0 Z 6= 0,M · yˆ 6= 0 and M · zˆ 6= 0
dxy kxxˆ± ky yˆ
We turn to the junctions with the finite non-magnetic potential, i.e., Z 6= 0. We take the
dxy-wave SS/FI/ HP1+-wave TS junction as an example. Fig. 5 shows the CCPRs and the
SCPRs with φm = 0 for various θm at T = 0.3TC . In accordance with the rules in table 1,
there will be no cosφ-type LOC both in the CCPRs and in the SCPRs. However, when the
magnetization possesses both the x and z-component, such as θm = 0.1pi, IJ |φ=0.5pi > 0 and
IJ |φ=1.5pi < 0 indicate the existence of the sinφ-type LOC in the charge current. Especially
when θm = 0.3pi, the sinusoidal curve starts to dominate the CCPR. Actually, j(wn, θ) is
proportional to the combination of sinφ and sin 2φ when 0 < θm < 0.5pi. Fig. 6 gives
the CCPRs and the SCPRs with φm = 0.5pi. The magnetization has no x-component, i.e.
M · xˆ = 0. The emergence of the cosφ-type LOC in the charge current at θm 6= 0 and in the
spin current at θm 6= 0 and 0.5pi fits the rules in table 1. IJ |φ=0.5pi = 0 and IJ |φ=1.5pi = 0
demonstrate the absence of the sinφ-type LOC. Fig. 7 presents the CCPRs and the SCPRs
with θm = 0.5pi for various φm. The magnetization in this case is in the xy-plane and has no
z-component, i.e. M · zˆ = 0. There is no sinφ(cosφ)-type current in the CCPRs (SCPRs).
When the magnetization sweep across the x-axis, the charge current with the cosφ form
will reverse its sign.
From the above discussions, we can derive the selection rules for the sinφ-type LOC in
the charge current and the cosφ-type LOC in the spin current which have been summarised
in table 1. The non-magnetic potential with the non-zero value is an indispensable condition.
Actually, the non-magnetic potential not only leads to the presence of the LOC with the
sinusoidal form in the charge current but also modifies the symmetries of CCPRs. The
equalities in eq. (8), (12) and (14) do not hold when Z 6= 0.
The selection rules in table 1 reveal the interaction forms of the helical superconductivity
and ferromagnetism which are involved in the free energy function F . We consider the
product of the order parameter in SS and the d-vector in TS which can be written as
g1(kx, ky)xˆ+ g2(kx, ky)yˆ. (15)
The functions g1(kx, ky) and g2(kx, ky) have opposite parity for kx and ky. The selection
rules indicate that Mx sinφ and MyMz cosφ will contribute to the free energy if g1(kx, ky)
is odd for kx and g2(kx, ky) is odd for ky; My sinφ and MxMz cosφ will contribute to the
free energy if g1(kx, ky) is odd for ky and g2(kx, ky) is odd for kx. The non-zero conditions
for the terms in ∂F
∂φ
are just the LOC selection rules for the charge current; the non-zero
conditions for the terms in the z component of M × ∂F
∂M
[32] are just the the LOC selection
rules for the spin current. The symmetries and sign reversal satisfied by the spin current
can be derived from the expression of the free energy. The above derivation of the selection
rules is universal for the SS/FI/TS junctions with helical states which also applies to the
states including more components such as (k2x − k
2
y)(kxxˆ ± ky yˆ), (k
2
x − k
2
y)(kyxˆ ± kxyˆ),
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kxky(kxxˆ± ky yˆ) and kxky(kyxˆ± kxyˆ) [33, 34].
Conclusion. – The in-plane d-vector in the superconductor with helical states and
its wavevector-dependent direction can bring novel and rich physics due to the interplay
between superconductivity and ferromagnetism, which can be displayed in the electronic
transport properties and the Josephson effect. In this paper, we study the CCPRs and the
SCPRs in SS/FI/TS Josephson junctions. The gap function in SS is assumed to be s, dx2−y2
or dxy-wave symmetry. Both cosφ-type and sinφ-type LOC exist in the junctions as long
as the selection rules are satisfied. The rules themselves have close connection to the gap
functions. The sign reversal and symmetries of the CCPRs and the SCPRs are revealed.
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Figure captions. – Fig. 1: (Colour online) (a): Schematic illustration of SS/FI/TS
junctions. The x(y)-axis is defined by the crystallographic a(b)-axis. (b): The magnetization
in FI specified by the polar angle θm and the azimuthal angle φm. (c): The spins of Cooper
pairs for the helical states which can be thought of as the superposition of the two states
with spin parallel and anti-parallel to the z(c)-axis.
Fig. 2: (Colour online) The CCPRs for φm = 0, Z = 0, X = 1 and T = 0.3TC in the
s-wave SS/HP1±-wave TS junctions.
Fig. 3: (Colour online) (a): The CCPRs for φm = 0.5pi, Z = 0, X = 1 and T = 0.3TC
in the s-wave SS/ HP1±-wave TS junctions. (b) The corresponding SCPRs with the same
parameters.
Fig. 4: (Colour online) (a): The CCPRs for θm = 0.5pi, Z = 0, X = 1 and T = 0.3TC
in the s-wave SS /HP1±-wave TS junctions. (b): The corresponding SCPRs with the same
parameters.
Fig. 5: (Colour online) (a): The CCPRs for φm = 0, Z = 1, X = 1 and T = 0.3TC in
the dxy-wave SS/ HP1+-wave TS junction. (b): The corresponding SCPRs with the same
parameters.
Fig. 6: (Colour online) (a): The CCPRs for φm = 0.5pi, Z = 1, X = 1 and T = 0.3TC in
the dxy-wave SS/ HP1+-wave TS junction. (b): The corresponding SCPRs with the same
parameters.
Fig. 7: (Colour online) (a): The CCPRs for θm = 0.5pi, Z = 1, X = 1 and T = 0.3TC in
the dxy-wave SS/ HP1+-wave TS junction. (b): The SCPRs with the same θm, Z, X and
T .
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Fig. 1: (Colour online) (a): Schematic illustration of SS/FI/TS junctions. The x(y)-axis is defined
by the crystallographic a(b)-axis. (b): The magnetization in FI specified by the polar angle θm and
the azimuthal angle φm. (c): The spins of Cooper pairs for the helical states which can be thought
of as the superposition of the two states with spin parallel and anti-parallel to the z(c)-axis.
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Fig. 2: (Colour online) The CCPRs for φm = 0, Z = 0, X = 1 and T = 0.3TC in the s-wave
SS/HP1±-wave TS junctions.
0.0 0.5 1.0 1.5 2.0
-0.3
0.0
0.3
0.0 0.5 1.0 1.5 2.0
-1
0
1
 
 
I J
/
 m=0
 m=0.1
 m=0.3
 m=0.5
(a)
 
 
I S
/
 m=0
 m=0.1
 m=0.3
 m=0.5
(b)
Fig. 3: (Colour online) (a): The CCPRs for φm = 0.5pi, Z = 0, X = 1 and T = 0.3TC in the s-wave
SS/ HP1±-wave TS junctions. (b) The corresponding SCPRs with the same parameters.
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Fig. 4: (Colour online) (a): The CCPRs for θm = 0.5pi, Z = 0, X = 1 and T = 0.3TC in the s-wave
SS /HP1±-wave TS junctions. (b): The corresponding SCPRs with the same parameters.
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Fig. 5: (Colour online) (a): The CCPRs for φm = 0, Z = 1, X = 1 and T = 0.3TC in the dxy-wave
SS/ HP1+-wave TS junction. (b): The corresponding SCPRs with the same parameters.
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Fig. 6: (Colour online) (a): The CCPRs for φm = 0.5pi, Z = 1, X = 1 and T = 0.3TC in the
dxy-wave SS/ HP1+-wave TS junction. (b): The corresponding SCPRs with the same parameters.
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Fig. 7: (Colour online) (a): The CCPRs for θm = 0.5pi, Z = 1, X = 1 and T = 0.3TC in the
dxy-wave SS/ HP1+-wave TS junction. (b): The SCPRs with the same θm, Z, X and T .
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